We construct explicit examples of fibre inflation models which are globally embedded in type IIB orientifolds with chiral matter on D7-branes and full closed string moduli stabilisation. The minimal setup involves a Calabi-Yau threefold with h 1,1 = 4 Kähler moduli which features multiple K3 fibrations and a del Pezzo divisor supporting nonperturbative effects. We perform a consistent choice of orientifold involution, brane setup and gauge fluxes which leads to chiral matter and a moduli-dependent Fayet-Iliopoulos term. After D-term stabilisation, the number of Kähler moduli is effectively reduced to 3 and the internal volume reduces to the one of fibre inflation models. The inflationary potential is generated by suitable string loop corrections in combination with higher derivative effects. We analyse the inflationary dynamics both in the single-field approximation and by numerically deriving the full multi-field evolution in detail. Interestingly, we find that the Kähler cone conditions set strong constraints on the allowed inflaton field range.
Introduction
Cosmic inflation is an early period of accelerated expansion of our universe which can provide a solution to the flatness and horizon problems of standard Big Bang cosmology. Moreover, quantum fluctuations during inflation can source primordial perturbations that caused the formation of large scale structures and the temperatures anisotropies observed in the cosmic microwave background.
From a microscopic point of view, inflation is expected to be driven by the dynamics of a scalar field undergoing a slow-roll motion along a very shallow potential that mimics a positive cosmological constant. An important feature of inflationary models is the distance travelled by the inflaton in field space during inflation since it is proportional to the amount of primordial gravitational waves which get produced [1] . From an effective field theory point of view, in small field models with a sub-Planckian inflaton excursion, dimension six operators can easily spoil the flatness of the inflationary potential. On the other hand, quantum corrections to large field models with a trans-Planckian field range lead to an infinite series of unsuppressed higher-dimensional operators which seem to bring the effective field theory approach out of control.
These dangerous operators can be argued to be absent or very suppressed only in the presence of a symmetry whose origin can only be postulated from an effective field theory perspective but can instead be derived from an underlying UV complete theory. For this reason inflationary model building in string theory has received a lot of attention [2] [3] [4] [5] . Besides the presence of additional symmetries, string compactifications naturally provide many 4D scalars which can play the rôle of the inflaton. Promising inflaton candidates are type IIB Kähler moduli which parametrise the size of the extra dimensions and enjoy non-compact rescaling symmetries inherited from the underlying no-scale structure [6] .
Identifying a natural inflaton candidate with an appropriate symmetry that protects the flatness of its potential against quantum corrections is however not sufficient to trust inflationary model building in string compactifications. In fact, three additional requirements to have a successful string inflationary model are (i) full moduli stabilisation, (ii) a global embedding into consistent Calabi-Yau orientifolds with D-branes and fluxes and (iii) the realisation of a chiral visible sector.
The first condition is crucial to determine all the energy scales in the model and to check the stability of the inflationary dynamics by controlling the behaviour of the scalar directions orthogonal to the inflaton one. The second condition is instead fundamental to guarantee the consistency of the inflation model from the microscopic point of view by checking the cancellation of all D-brane tadpoles and Freed-Witten anomalies and the actual generation of all the effects needed to stabilise the moduli and to develop the inflationary potential. Finally the requirement of having a model which can give rise to inflation and reproduce at the same time a chiral visible sector is crucial for two main reasons: to ensure the absence of any dangerous interplay between chirality and moduli stabilisation which can forbid the generation of D-terms or non-perturbative effects needed to fix the moduli [7] , and to determine the post-inflationary evolution of our universe starting from the reheating process where the inflaton energy density gets converted into the production of visible sector degrees of freedom [8] [9] [10] [11] . Other important post-inflationary issues which can affect the predictions of important inflationary observables like the number of efoldings N e , the scalar spectral index n s and the tensor-to-scalar ratio r are periods of matter domination due to light moduli [12] [13] [14] , the production of axionic dark radiation from moduli decays [15] [16] [17] [18] , non-thermal dark matter [19] [20] [21] , moduli-induced baryogenesis [22, 23] and the interplay between the inflationary and the supersymmetry breaking scale [24] [25] [26] [27] .
A comprehensive global chiral model which satisfies all these conditions for models where the inflaton is a local blow-up mode [28] has been recently constructed in [29] . The chiral visible sector lives on D3-branes at an orientifolded singularity and full closed string moduli stabilisation in a dS vacuum is achieved by following the LVS procedure [30, 31] .
The main limitation of this model is the emergence of an η-problem associated with the presence of large g s corrections to the effective action which tend to spoil the flatness of the inflationary potential if their flux-dependent coefficients are not tuned small.
In this regard, fibre inflation models [32] look more promising. In these constructions, the inflaton is a fibration modulus which remains exactly massless when only the leading order no-scale breaking effects are included. The inflationary potential is then generated only at subleading order by a combination of string loop corrections [33] [34] [35] [36] and higher derivative terms [37, 38] . This hierarchy of scales is guaranteed by the extended no-scale cancellation and provides a natural solution to the η-problem [39] . This solution can also be understood from the point of view of an effective non-compact rescaling symmetry for the Kähler moduli [6] .
Different versions of fibre inflation models have been constructed so far depending on the microscopic nature of the effects which drive the inflationary dynamics: Kaluza-Klein and winding string loops [32] , Kaluza-Klein loops and O(α ′3 ) F 4 terms [40] , and winding g s loops combined with higher derivative terms [41] . In all cases the inflationary potential is plateau-like and takes a simple form with a constant term and negative exponentials. Additional positive exponentials show up with coefficients which are naturally very small and give rise to a rising behaviour at large field values. Ref. [42] provided a generalised description of fibre inflation models showing how they can reproduce the correct spectral index observed by Planck [43, 44] while the predicted value of the tensor-to-scalar ratio is in the range 0.001 r 0.01. Such a large value of r is compatible with the fact that these are large field models where the inflaton range is around 5 Planck units. An effective supergravity description of fibre inflation models as α-attractors has also been recently given in [45] .
Despite all these successes, fibre inflation models are still lacking a complete global embedding into chiral string compactifications. However a first step forward has already been made in [46] where these inflationary models have been successfully embedded in consistent type IIB orientifolds with moduli stabilisation but without a chiral visible sector. In order to have a viable inflationary and moduli stabilisation mechanism, the internal Calabi-Yau manifold has to have at least h 1,1 = 3 Kähler moduli and its volume form has to feature a K3 or T 4 fibration over a P 1 base and a rigid shrinkable blow-up mode [31, 47] . Starting from concrete Calabi-Yau threefolds with these topological properties, ref. [46] provided several different examples with an explicit choice of orientifold involution and D3/D7 brane setups which are globally consistent and can generate corrections to the 4D effective action that can fix all closed string moduli inside the Kähler cone and reproduce the form of the inflationary potential of fibre inflation models. However the case with h 1,1 = 3 is too simple to allow for non-trivial D7 worldvolume fluxes which give rise to chiral matter. In fact, non-zero gauge fluxes induce moduli dependent Fayet-Iliopoulos terms which, in combination with soft term contributions for U (1)-charged matter fields, would lift the leading order flat direction, making the inflaton too heavy to drive inflation.
In this paper we shall extend the results of [46] by considering more complicated CalabiYau threefolds with h 1,1 = 4 in order to build global fibre inflation models with a chiral visible sector. After analysing the topological conditions on the underlying compactification manifold to allow a successful chiral global embedding of fibre inflation models, we find that the simplest examples involve Calabi-Yau threefolds with 3 K3 divisors and a toroidal-like volume with a diagonal del Pezzo divisor suitable to support non-perturbative effects to freeze the moduli. The internal volume is therefore controlled by 3 Kähler moduli and can equivalently be seen as different K3 fibrations over 3 different P 1 bases. After searching through the Kreuzer-Skarke list of Calabi-Yau manifolds embedded in toric varieties [48] , we find several concrete examples which admit these topological features.
We then focus on one of them and describe several possible choices of orientifold involution, D-brane setup and gauge fluxes which satisfy global consistency conditions and generate perturbative g s and α ′ corrections to the 4D Kähler potential and non-perturbative effects in the superpotential that are suitable to both stabilise the moduli and reproduce the typical potential of fibre inflation models. In particular, non-zero gauge fluxes induce chiral matter on D7-branes wrapped around smooth combinations of the four-cycles which control the overall volume. 1 Moreover, a moduli-dependent Fayet-Iliopoulos term lifts one of the Kähler moduli, so that after D-term stabilisation the effective number of Kähler moduli is reduced to 3 and the internal volume simplifies to the standard expression of fibre inflation models used in the examples of [46] .
After computing all relevant loop and higher derivative effects in full detail, we analyse the resulting inflationary dynamics finding an interesting result: the Kähler cone bounds set severe constraints on the allowed inflaton field range when they are combined with other phenomenological requirements, like the generation of the correct amplitude of the power spectrum by the inflaton quantum fluctuations, and consistency conditions like the stability of the inflaton evolution against possible orthogonal runaway directions, the fact that the gravitino mass remains always smaller than any Kaluza-Klein scale in the model and finally that dangerous higher derivative effects do not spoil the flatness of the inflationary potential before achieving enough efoldings of inflation. 2 Because of this tension, we also perform a full multi-field numerical analysis of the inflationary evolution showing how an early period of accelerated expansion occurs generically. On the other hand, the inflaton quantum fluctuations can generate the right amplitude of the density perturbations only if the microscopic parameters take appropriate values.
We believe that our results make fibre inflation models more robust since they represent the first concrete models which are globally consistent and chiral. Nonetheless several issues still need to be investigated further. The most important ones are the inclusion of an explicit uplifting mechanism to realise a dS vacuum, a thorough derivation of the perturbative corrections to the 4D effective action and a better determination of the Calabi-Yau Kähler cone, going beyond its approximated expression inherited from the toric ambient space. We leave the study of these issues for the future. This paper is organised as follows. In Sec. 2, after presenting a basic review of fibre inflation models, we summarise the minimal requirements that are needed for the construction of a fully consistent global embedding with a chiral visible sector. In Sec. 3 we provide a concrete Calabi-Yau example, describing the orientifold involution, the Dbrane setup, the choice of gauge fluxes and the resulting chiral spectrum, Fayet-Iliopoulos term and inflationary potential generated by g s and α ′ effects. The inflationary evolution is analysed in full detail in Sec. 4 by focusing first on the single-field approximation and by studying then the multi-field dynamics. In Sec. 5 we draw our conclusions and we discuss a few open issues. App. A contains additional explicit chiral global examples.
Chiral global inflationary models
Let us begin by briefly reviewing the setup of fibre inflation and proceed afterward by displaying the minimal requirements for a successful chiral global embedding of fibre inflation models.
Fibre inflation in a nutshell
Fibre inflation models are based on a class of type IIB orientifold flux compactifications with D3/D7-branes and O3/O7-planes where the Calabi-Yau (CY) threefold takes a socalled 'weak Swiss-cheese' form:
where h 1,1 = N large + N small and f 3/2 is a homogeneous function of degree 3/2. In these models, the stabilisation of the Kähler moduli is performed in two steps. Firstly, the total volume V as well as the volumes of the N small rigid blow-up divisors τ i are fixed following the LVS procedure [30, 31] where the leading order α ′3 corrections to the Kähler potential [51] [52] [53] are balanced against non-perturbative contributions to the superpotential [54] . This leaves N flat = N large − 1 = h 1,1 − N small − 1 flat directions which are natural inflaton candidates. These directions can receive a potential at subleading order by g s corrections due to the exchange of Kaluza-Klein (KK) and winding modes [33] [34] [35] [36] 39] as well as by (α ′ ) 3 F 4 -terms [37, 38] . In the simplest fibre inflation models h 1,1 = 3 and N small = 1, so that N flat = 1. This leading order flat direction corresponds to a Kähler modulus τ f which parametrises the volume of a K3 surface and the total scalar potential schematically looks like [32, [40] [41] [42] :
where
is the inflationary potential. V LVS is the leading order LVS potential which fixes V and τ s , V dS is an uplifting contribution to get a dS vacuum which can originate from anti D3-branes [54, 55] , hidden sector T-branes [56] or non-perturbative effects at singularities [57] , while V KK gs , V W gs and V F 4 are respectively KK and winding string loops and F 4 terms.
In fibre inflation models, the underlying CY threefold is a K3 fibration over a P 1 base which has two decompactification limits, corresponding to either the K3 fibre or the base growing large. Thus, kinematically it is expected that the fibre volume can traverse several Planck units. These LVS inflationary models present a variety of distinct features that make them very promising candidates to realise large field inflation and to discuss explicit global embeddings:
1. The de Sitter uplift is independent of the inflaton. This is contrary to a hypothetical KKLT embedding [54] , where the uplift would be inflaton-dependent and, thus, large field inflation would typically destroy the KKLT minimum.
2. The back-reaction of heavy moduli is incorporated and under control, in particular, due to the fact that moduli stabilisation is done in two steps and the leading order potential is independent of the inflaton because of the extended no-scale cancellation [39] . This is in contrast with the majority of large field models of inflation [58] .
3. The possibility to achieve tensor-to-scalar ratios between r ∼ 0.01 and r ∼ 0.001 which can be tested by future CMB observations [59, 60] .
An explicit realisation of fibre inflation not only places several constraints on the underlying CY geometry, but also on the setup of D-branes and O-planes. In the following section we list the sufficient requirements to build a viable global model which also allows for a chiral visible sector.
Requirements for chiral global embedding
The simplest global embedding of fibre inflation models requires at least three Kähler moduli [46] . However, in order to incorporate also a chiral visible sector we need at least h 1,1 = 4 Kähler moduli. Here we will focus on obtaining chiral matter on D7-branes wrapped around a suitable divisor with world-volume gauge fluxes turned on. In this case D7 gauge fluxes induce a D-term potential for the Kähler moduli that fixes a particular combination thereof. Thus, D-term fixing and the leading order LVS stabilisation mechanism leave just a single flat direction, in our case a K3 fibre, which will play the rôle of the inflaton. In order to obtain a viable chiral global model we require the following ingredients and consistency conditions:
1. A Calabi-Yau with h 1,1 = 4 featuring three large cycles and a shrinkable rigid divisor, so that the internal volume takes the form (2.1) with N small = 1. In the explicit example described in Sec. 3 the volume simplifies further to:
with c a > 0 and c b > 0. Each of the 3 moduli τ 1 , τ 2 and τ 3 controls the volume of a K3 surface while τ s parametrises the size of a 'diagonal' del Pezzo divisor [47] . D-term stabilisation will fix τ 3 ∝ τ 2 while the standard LVS procedure will freeze the overall volume V ≃ c a √ τ 1 τ 2 τ 3 and the blow-up mode τ s . The leading order flat direction can be parametrised by τ 1 which will drive inflation.
2. An orientifold involution and a D3/D7-brane setup with gauge fluxes on the visible D7-brane stacks such that tadpole cancellation is satisfied with enough room for bulk three-form fluxes to be turned on for complex structure and dilaton stabilisation. The D-brane and O-plane setup must also allow for the generation of KK-and/or winding string loop corrections which have the correct form to generate a suitable inflationary potential.
3. A choice of world-volume fluxes which cancels all Freed-Witten anomalies [61, 62] but leads, at the same time, to just a single moduli-dependent Fayet-Iliopoulos (FI) term [63, 64] in order to leave a leading order inflationary flat direction by lifting just one of the two flat directions leftover by the LVS stabilisation mechanism.
4. There should be no chiral intersection between the visible sector and the del Pezzo divisor supporting non-perturbative effects required for LVS moduli fixing as otherwise the prefactor of the non-perturbative superpotential would be vanishing [7] . The absence of these dangerous chiral intersections should be guaranteed by an appropriate choice of gauge fluxes.
5. Moduli stabilisation and inflation have to take place inside the CY Kähler cone and the effective field theory should be well under control with V ≫ 1 and g s ≪ 1.
6. In order to trust inflationary model building within an effective field theory, the following hierarchy of scales should be satisfied from horizon exit to the end of inflation:
where m inf is the inflaton mass, H is the Hubble constant, m 3/2 is the gravitino mass which sets the mass scale of all the heavy moduli during inflation, M
KK denote various KK scales associated with bulk modes and open string excitations on D7-branes wrapped around four-cycles, M s is the string scale and M p is the reduced Planck mass M p = 2.4 · 10 18 GeV. Notice that, apart from M p , all these energy scales are moduli dependent and so evolve during inflation. After stabilising V and τ sà la LVS and fixing one large modulus in terms of another large direction via setting the FI-term to zero, we find that the 'reduced' moduli space of the inflationary direction is in fact a compact interval. Therefore the field space available for inflation is kinematically finite (albeit in general trans-Planckian), a feature of the model which has so far been overlooked. We will state the precise phenomenological and consistency conditions for successful inflation in Sec. 4.
A chiral global example
In this section, we shall present all the topological and model-building details of the global embedding of fibre inflation models into explicit chiral CY orientifolds with h 1,1 = 4.
Toric data
Let us consider the following toric data for a CY threefold whose volume takes the form 
This corresponds to the polytope ID #1206 in the CY database of Ref. [65] . A detailed divisor analysis using cohomCalg [66, 67] 
Writing the Kähler form in the above basis of divisors as
and using the intersection polynomial (3.1), the CY overall volume becomes:
The Kähler cone conditions can be derived from the following generators of the Kähler cone:
Expanding the Kähler form as J = 4 i=1 r i K i , the Kähler cone is defined via the following conditions on the two-cycle moduli:
Notice that this expression of the CY Kähler cone is only approximate since it is inherited from the Kähler cone of the ambient toric variety. 3 However this procedure can either overcount some curves of the CY threefold, for example if they do not intersect with the CY hypersurface, or miss some of them, if they cannot be obtained as the intersection between two divisors of the ambient space and the CY hypersurface. Hence the actual CY Kähler cone can turn out to be either larger or smaller. This analysis would require a deeper investigation which is however beyond the scope of this paper. 4 Here we just mention that this analysis has been performed in detail in [68] where the CY Kähler cone turned out to be larger than the approximated version. The four-cycle moduli, which can be computed as τ i = ∂ t i V, look like: 5) and so, using the Kähler cone conditions (3.4), the overall volume reduces to: 6) which shows clearly that the CY threefold X features three K3 fibrations over different P 1 bases. The second Chern class of X is given by:
which results in the following values of the topological quantities Π i = X c 2 ∧D i :
The intersection curves between two coordinate divisors are given in Tab. 1 while their volumes are listed in Tab. 2. Table 1 : Intersection curves of two coordinate divisors. Here C g denotes a curve with Hodge numbers h 0,0 = 1 and h 1,0 = g. 4 We however expect that the CY Kähler cone cannot get smaller. In fact, if this were the case, there should exist an extra constraint from requiring the positivity of a curve of the CY which is trivial in the ambient space. But this does not seem to be possible since each CY divisor is inherited from a single toric divisor (i.e. we do not have a toric divisor which splits into two CY divisors, and so where h 1,1 of the CY is larger than h 1,1 of the ambient space). In fact, if this trivial curve existed, it should have a dual divisors, and so h 1,1 of the CY should be larger than h 1,1 of the ambient case, which is however not the case. Table 2 : Volumes of intersection curves between two coordinate divisors.
Orientifold involution
We focus on orientifold involutions of the form σ : x i → −x i with i = 1, ..., 8 which feature an O7-plane on D i and O3-planes at the fixed points listed in Tab. 3. The effective non-trivial fixed point set in Tab. 3 has been obtained after taking care of the SR ideal symmetry. Moreover, the total number of O3-planes N O3 is obtained from the triple intersections restricted to the CY hypersurface, while the effective Euler number χ eff has been computed as: 5
In what follows we shall focus on the orientifold involution σ : x 8 → −x 8 which features just a single O7-plane located in D 8 and no O3-plane . Table 3 : Fixed point set for the involutions which are reflections of the eight coordinates x i with i = 1, ..., 8.
Brane setup
If the D7-tadpole cancellation condition is satisfied by placing four D7-branes on top of the O7-plane, the string loop corrections to the scalar potential can involve only KK ef- 5 The effective Euler number controls the strength of N = 1 O(α ′3 ) corrections due to O7-planes [52] .
fects between this D7-stack and O3-planes or D3-branes since winding contributions are absent due to the absence of any intersection between D7-branes and/or O7-planes. Thus loop effects are too simple to generate a viable inflationary plateau. They might even be completely absent in our case since there are no O3-planes and the D3-tadpole cancellation condition could be satisfied without the need to include D3-branes (i.e. just switching on appropriate background three-form fluxes). We shall therefore focus on a slightly more complicate D7-brane setup which gives rise to winding loop effects. This can be achieved by placing D7-branes not entirely on top of the O7-plane as follows:
This brane setup involves three stacks of D7-branes wrapped around the divisors D 2 , D 4 and D 6 . Moreover, the condition for D3-tadpole cancellation becomes:
showing that there is space for turning on both gauge and background three-form fluxes for complex structure and dilaton stabilisation. 6 As shown in [69] , three-form fluxes stabilise also D7 position moduli and open string moduli living at the intersection between two different stacks of D7-branes since they generate soft supersymmetry breaking mass terms for each of these scalars. On the other hand, there are no Wilson line moduli in our model since
Let us point out that other orientifold involutions which could allow for D7-branes not entirely on top of the O7-plane are x 4 → −x 4 , x 6 → −x 6 or x 7 → −x 7 . In each of these cases, the O7-plane is located on a K3 surface. However, given that
Tab. 1 and 2 we see that the resulting D7-brane stacks are either non-intersecting (and so no winding corrections are generated) or the volumes of the intersection curves depend just on the 'small' dP 7 divisor (and so winding loops are inflaton-independent). This is the reason why we chose the involution x 8 → −x 8 where the O7-plane is located on the 'special deformation' divisor D 8 which gives more freedom for D7-brane model building.
Gauge fluxes
In order to obtain a chiral visible sector on the D7-brane stacks wrapping D 2 , D 4 and D 6 we need to turn on worldvolume gauge fluxes of the form:
However we want to generate just one moduli-dependent Fayet-Iliopoulos term in order to fix only one Kähler modulus via D-term stabilisation. In fact, if the number of FIterms is larger than one, there is no light Kähler modulus which can play the rôle of the inflaton. Moreover we wrap a D3-brane instanton on the rigid divisor D 1 in order to generate a non-perturbative contribution to the superpotential which is crucial for LVS moduli stabilisation. In order to cancel the Freed-Witten anomaly, the D3-instanton has to support a half-integer flux, and so the general expression of the total gauge flux on D 1 becomes (with c 1 (D 1 ) = −D 1 ):
However a non-vanishing F 1 would not be gauge invariant, and so would prevent a nonperturbative contribution to the superpotential. We need therefore to check if it is possible to perform an appropriate choice of B-field which can simultaneously set F 4 = F 6 = 0 (we choose to have a non-vanishing gauge flux only on D 2 to have just one moduli-dependent FI-term) and F 1 = 0. Recalling that both D 4 and D 6 are K3 surfaces which are spin divisors with c 1 (D 4 ) = c 1 (D 6 ) = 0 (since the K3 is a CY two-fold), if we set:
the condition F 1 = F 4 = F 6 = 0 reduces to the requirement that the following forms are integer: 14) since in this case the integer flux quanta f ij can always be adjusted to yield vanishing gauge fluxes. Taking an arbitrary integer form A ∈ H 2 (Z, X) which can be expanded as A = a jDj with a j ∈ Z, the pullbacks in (3.14) give rise to integer forms if:
Using the intersection polynomial (3.1) we find b 4 = b 6 = 0, showing how the choice of B-field in (3.13) can indeed allow for F 1 = F 4 = F 6 = 0. The only non-zero gauge flux is F 2 whose half-integer contribution can be cancelled by adding an additional term to the B-field of the form 1 2D 2 . Given that all the intersection numbers are even, this new term in B does not modify our previous results on the pullbacks of the B-field on D 1 , D 4 and D 6 . Moreover the pullback of the B-field on D 2 will also generate an integer flux contribution. We shall therefore consider a non-vanishing gauge flux on the worldvolume of D 2 of the form:
(3.15)
FI-term and chirality
Given that the divisor D 2 is transversely invariant under the orientifold involution and it is wrapped by eight D7-branes, it supports an Sp(16) gauge group which is broken down to U (8) = SU (8) × U (1) by a non-zero flux F 2 along the diagonal U (1). This non-trivial gauge flux F 2 induces also a U (1)-charge q i2 for the i-th Kähler modulus of the form:
together with a flux-dependent correction to the gauge kinetic function which looks like:
where:
Moreover a non-vanishing gauge flux F 2 induces a moduli-dependent FI-term of the form:
For vanishing open string VEVs (induced for example by non-tachyonic scalar masses), a leading-order supersymmetric stabilisation requires ξ = 0 which implies:
This U (1) factor becomes massive via the Stückelberg mechanism and develops an O(M s ) mass by eating up a linear combination of an open and a closed string axion which is mostly given by the open string mode. Besides breaking the worldvolume gauge group and inducing moduli-dependent FIterms, non-trivial gauge fluxes on D7-branes generate also 4D chiral modes. In fact, open strings stretching between the D7-branes on D 2 and the O7-planes or the image branes give rise to the following zero-modes in the symmetric and antisymmetric representations of U (8): 
We need finally to check that there are no chiral intersections between the D7s on D 2 and the instanton on D 1 to make sure that the prefactor of the non-perturbative contribution to the superpotential is indeed non-zero. This is ensured if:
This condition can be easily satisfied by choosing f 21 = 0. In turn, this choice simplifies the D-term constraint (3.21) to:
Inflationary potential
Using the D-term fixing relation (3.26), the Kähler cone conditions (3.4) simplify to t 7 > −t 1 > 0 together with
Moreover the CY volume (3.2) reduces to:
Given that this form is linear in t 7 , the effective CY volume after D-term stabilisation looks like a single K3 fibre τ 7 over a P 1 base t 7 and reduces to the typical form used in fibre inflation models. The blow-up mode τ 1 and the overall volume V are stabilised in the LVS fashion by means of a non-perturbative correction to W generated by an Euclidean D3-brane instanton wrapping D 1 . This leaves the fibre modulus τ 7 as a flat direction which receives a potential at subleading order. Let us now focus on the inflationary potential. The winding loop corrections can be written as (with κ = g s /(8π) for e Kcs = 1):
where t ∩ i are the volumes of the two-cycles where D7-branes/O7-planes intersect. Notice that if two coordinate divisors D i and D j are wrapped by D7-branes and/or O7-planes, the scalar potential receives t ∩ -dependent winding loop corrections only if their intersection curve contains non-contractible 1-cycles, i.e. if h 1,0 (D i ∩ D j ) = 0. In our case, we have an O7-plane located on D 8 and three stacks of D7-branes wrapping D 2 , D 4 and D 6 . Using Tab. 1 and 2, we see all D7s intersect with each other and with the O7 and that winding corrections can arise from any of these intersections. Thus we end up with:
where (setting t 4 = αt 6 , C
Due to the absence of O3-planes (we also assume that the D3-tadpoles are cancelled without including any spacetime-filling D3-branes) and the fact that all D7s intersect with each other and with the O7-plane, there are no 1-loop corrections due to the exchange of closed strings carrying KK momentum. 7 On the other hand, higher derivative α ′3 F 4 corrections to the scalar potential can be written as [37] : 8
s V 4
where λ is an unknown combinatorial factor which is expected to be of order 10 −3 [37, 38] and the topological quantities Π i are given in (3.8) . After imposing the D-term condition (3.26), the F 4 contributions can be rewritten as (ignoring the t 1 -dependent term):
Therefore the total inflationary potential becomes: 34) where (with λ = −|λ| < 0):
Inflationary dynamics
In this section we shall analyse the inflationary dynamics by studying first the single-field approximation and then by focusing on the full multi-field evolution.
7 Strictly speaking, there might be 1-loop corrections associated with the exchange of KK modes between the Euclidean D3-instanton on D1 and the D7-branes which do not intersect D1. However, we expect such corrections to be exponentially suppressed and, thus, not relevant for the analysis. 8 This expression displays merely the leading order O(V −4 ) terms which are corrected at subleading order in inverse volume by additional corrections as discussed in [41] . Furthermore, additional higher-derivative corrections mediated by the auxiliary fields sitting in the supergravity multiplet might emerge at order O(V −5 ) [41, 70] .
Single-field evolution
In order to realise single-field slow-roll inflation where the potential for the inflaton τ 7 features a plateau-type region [32, 41] , the overall volume has to be approximately constant during the whole inflationary dynamics. Therefore, in order to get enough efoldings before reaching the dangerous limit where the base of the fibration t 7 becomes smaller than the string scale, we need to focus on the region in field space where the inflaton minimum is of order τ 7 ≪ V 2/3 . For g s O(0.1), |λ| ∼ O(10 −3 ) and natural O(1) values of the coefficients of the string loop effects, in the vicinity of the minimum the terms in (3.34) proportional to B 1 and B 2 are therefore both negligible with respect to the terms proportional to A 1 and A 2 . Numerical estimates show that we need values of order τ 7 ∼ O(1) and V ∼ O(10 4 ) which, in turn, imply W 0 ∼ O(100) in order to match the observed amplitude of the density perturbations.
The scalar potential (3.34) written in terms of the canonically normalised inflaton shifted from its minimum φ = φ +φ, where τ 7 = τ 7 e kφ with k = 2/ √ 3, becomes:
Notice that in (4.1) we added a constant C dS = 1 − c − R 1 − R 2 to obtain a Minkowski (or slightly dS) vacuum. Given that no O3-planes are present in our model, the usual uplift mechanism where an anti D3-brane is located in a resolved conifold region of the extra dimensions would require additional effort to implement. We leave the explicit embedding of the source of uplift to future research. The two negative exponentials in (4.1) compete to give a minimum at τ 7 ∼ O(1) while the two positive exponentials cause a steepening behaviour at largeφ. Thus we need to make sure that both R 1 ≪ 1 and R 2 ≪ 1 to prevent the two positive exponentials from destroying the inflationary plateau before achieving enough efoldings of inflation. 9 The condition R 1 ≪ 1 could be satisfied for c ≪ 1, for example for W 0 ∼ O(1) and τ 7 ≫ 1, in which case the minimum could be obtained by balancing the two terms in the coefficient A 2 . However, as we shall see below, if τ 7 ≫ 1, the Kähler cone bounds restrict the allowed field space so much that it becomes impossible to realise enough efoldings of inflation. Hence we shall focus the region where R 1 ≪ 1 and R 2 ≪ 1 are satisfied by τ 7 ∼ O(1) ≪ V 2/3 (and possibly by allowing some tuning of the complex structure moduli-dependent coefficients of the loop corrections or by considering |λ| ≪ 1).
Turning now to the explicit numerical examples, let us formulate the necessary conditions that have to be satisfied in order to have a viable model:
1. Stringy effects can be neglected if each four-cycle in string frame has a volume larger than the string scale: Vol
√ α ′ , we end up with the condition:
2. The whole inflationary dynamics should take place inside the Kähler cone. This implies in particular that:
Notice that these conditions guarantee the absence of any singularity in the inflationary potential (4.1) which could originate from the shrinking of a two-cycle to zero size. Rewriting these conditions in terms of the canonically normalised inflaton field, we end up with:
In order to be able to describe within a consistent EFT, not just inflation but also the post-inflationary evolution of our model,φ should reach its minimum before hitting the lower bounds in (4.4). Moreover the inflaton should drive enough efoldings of inflation before hitting the upper bounds in (4.4).
3. Horizon exit atφ =φ * should yield the required number of efoldings:
where the reheating temperature T rh can be estimated in terms of the inflaton mass at the minimum mφ as:
4. Horizon exit atφ =φ * should reproduce the observed amplitude of the density perturbations:
5. The α ′ expansion of the potential can be trusted only if:
6. The effective field theory is under control if throughout all the inflationary dynamics:
where m inf is the inflaton mass,
V M p is the gravitino mass which sets the mass scale of all complex structure moduli, the dilaton and the Kähler modulus
are the different KK scales in the model associated with bulk KK modes for τ 7. Besides the two ultra-light axions associated with the base and the fibre which develop just negligible isocurvature fluctuations during inflation if they do not contribute significantly to dark matter, only the volume mode has a mass below m 3/2 . In order to trust our single field approximation, we need therefore to check that the mass of the volume mode m V does not become smaller than the Hubble scale H. This condition boils down to: 10) where V α ′ is the leading O(α ′3 ) contribution to the scalar potential and reads [51] :
If δ ≃ 1, the inflationary energy density can either destabilise the volume direction or cause a significant shift of the volume minimum. Hence the inflationary dynamics can effectively become a multi-field evolution. However, as analysed in [32] , the motion might still remain mainly along the τ 7 direction, and so the predictions for the inflationary observables could be basically unaltered apart from the fact that the number of allowed efoldings slightly increases. Notice also that in LVS models the CY Euler number together with the string coupling fixes the minimum of the blow-up mode τ 1 as:
s . This value is important to evaluate the Kähler cone conditions in (4.4).
We shall now focus on single-field slow-roll inflation where:
Notice that the condition η ≪ 1 guarantees that the inflaton is lighter than H during inflation. In order to illustrate the main features of our inflationary model, we shall now consider two different choices of the underlying parameters characterised by different values of the coefficients ξ and λ which control the strength of the O(α ′3 ) corrections to the effective action at O(F 2 ) and O(F 4 ). According to [52] , N = 1 O(α ′3 ) corrections due to O7-planes cause a shift of the CY Euler number χ(X) to χ eff (X) defined in (3.9) and given in Tab. 3. From (4.11) this modification would give ξ = 0.067. Moreover the coefficient λ of higher derivative O(α ′3 ) effects has been estimated to be negative and of order 10 −3 [37, 38] . Hence the first set of parameters will be characterised by ξ = 0.067 and λ = −0.001. However both of these corrections still lack a full supersymmetric analysis, and so in the second case we shall focus on a situation where the CY Euler number is not modified, and so ξ = 0.456, and the size of the coefficient λ is much smaller: |λ| 10 −6 .
4.1.1 Case 1: ξ = 0.067 and |λ| = 0.001
Let us now provide an explicit numerical example set to demonstrate the features of our inflationary model: 12) with χ(X) = χ eff (X) = −28 in (4.11) which gives ξ = 0.067. Notice that the tuning of the steepening term here is mild since the difference between the largest and the smallest winding coefficient is between one and two orders of magnitude. The form of the inflationary potential is plotted in Fig. 1 and it is characterised by: • τ 7 = 4.002 leading to ǫ τ 7 = 0.0014. Moreover 2 τ 1 ≃ 3.8, and so the distance of the minimum from the lower bound of the Kähler cone is ∆τ 7 ≃ 0.178 which is still larger than the string scale since, using (4.2), we have that: .7) is satisfied. Notice that such a largish value of the scalar spectral index is in perfect agreement with Planck data in the presence of dark radiation since, using ∆N eff = 0.39 as a prior, [44] gives as best fit n s = 0.983± 0.006. This prior is fully justified in string models like ours where reheating is driven by the decay of the lightest modulus which naturally tends to produce extra axionic contributions to dark radiation [15] [16] [17] [18] .
• Horizon exit occurs well inside the Kähler cone since from (4.3) we have:
− τ * 7 ≃ 1827.06 .
• The mass of the inflaton around the minimum is mφ ≃ 4.25 · 10 13 GeV which from (4.6) implies a reheating temperature T rh ≃ 1.8 · 10 10 GeV.
• The number of efoldings computed as: 14) gives N e = 52 as required by the estimate (4.5). The maximum number of efoldings betweenφ end andφ max is N max e ≃ 60.
• The α ′ expansion is under control even if in our inflationary model the inflaton travels over a trans-Planckian distance of order ∆φ =φ * −φ end = 5.28 since we have ǫ ξ ∼ 10 −4 .
• The mass of the volume mode is of order the Hubble scale during inflation since δ ≃ 1.6. Hence the inflationary energy density could either cause a significant shift of the original LVS minimum or destabilise the volume direction. A definite answer to this question would require a more careful multi-field analysis. As mentioned above, a similar situation has been studied in [32] , where the authors found that for δ ∼ 1 the minimum for the volume mode gets a large shift but the inflationary evolution still remains mostly single-field since m inf ≪ m V ∼ H. However if δ ∼ 1, the inflationary potential generated by string loops and α ′3 F 4 terms is of the same order as the α ′3 F 2 contribution, and so one also should carefully check if additional higher derivative corrections can be safely neglected.
• The effective field theory approximation is valid during the whole inflationary evolution since H ≃ 2 · 10 13 GeV < m 3/2 ≃ 1 · 10 15 GeV < M bulk KK ≃ 9 · 10 15 GeV < M s ≃ 2.5 · 10 16 GeV. 
KK which is why only one of them is displayed here.
We display the evolution of the different KK masses as compared to the gravitino mass and the inflationary scale M inf = V 1/4 in Fig. 2 . Notice, in particular, that at the end of inflation the inflationary scale is of order M bulk KK and, above all, mildly exceeds the KK scale M KK by a factor of roughly 1.3. As we stressed above, during an adiabatic expansion no energy can be extracted from the vacuum, and so our EFT is still valid even if some KK scales become smaller than V 1/4 since they are all always larger than m 3/2 which is, in turn, larger than H. However, since all the inflationary energy density could instead be converted into particle production at reheating, one should make sure that there is enough Hubble friction between the end of inflation and reheating to bring the inflaton energy density below the relevant KK scale. This effect can be estimated by noticing that from:
we can obtain the following relation between the energy density at the end of inflation and at reheating:
where φ 2 is the time average between the end of inflation and reheating and N rh = ln(a rh /a end ) is the number of efoldings of the reheating epoch. At the end of inflation when ǫ = 1 we have: On the other hand at reheating V (φ rh ) ≃ 0, and so ρ rh ≃φ 2 rh /2. If we then write the time-average kinetic energy as φ 2 =φ 2 rh /x ≃ 2ρ rh /x with x > 0, we end up with the following bound:
(4.18)
Using the fact that:
the bound (4.18) becomes x < 2 3 N rh ≃ 10. Our model should satisfy this bound since we expectφ end to approachφ rh relatively quickly due to the steepness of the potential near the end of inflation. However a definite answer would require a detailed study of the post-inflationary epoch which is beyond the scope of this paper. 10 Let us also mention that, due to the absence of KK corrections, this scenario represents a chiral global embedding of the α ′ -inflation models discussed in [41] . Moreover, no KK scale becomes smaller than the gravitino mass even if r ≃ 0.01 and ∆φ ≃ 5 in Planck units. In fact, if we focus for example on the KK scale M (2) KK associated with the K3 fibre (similar considerations apply to the KK scale M (6) KK associated with the base), we have:
with:
If we set φ = φ 0 +φ he ≃ 7.44, the ratio in (4.20) becomes m 3/2 /M
KK ≃ 0.26, and so the KK scale M (2) KK is always larger than the gravitino mass throughout all the inflationary dynamics. Notice that this result seems to be in slight disagreement with the swampland conjecture of [72, 73] where the underlying parameters α 1 and α 2 were generically assumed to be of order unity.
As explained above, given that in this case δ ≃ 1.6, the inflationary dynamics can be fully trusted only after determining the proper multi-field evolution. Due to the difficulty to perform a full numerical analysis, in the next section we shall instead still focus on a single-field case where δ ∼ 0.05 since ξ is larger, and so the volume mode mass is larger, while |λ| is smaller, and so F 4 steepening terms can be easily neglected throughout the whole inflationary dynamics. The full three-field evolution for both of these cases will then be presented in Sec. 4.2. , our model is not necessarily ruled out but we would just need to describe reheating within a 6D EFT where the base of the fibration is much larger than the characteristic size of the fibre. It would also be interesting to find brane setups where this problem is automatically absent since there is no D7-brane wrapped around the base. with χ(X) = χ eff (X) = −188 in (4.11) which gives ξ = 0.456. A larger value of the coefficient ξ is helpful to increase the control on the single-field approximation since, as can be seen from (4.11), the leading O(α ′3 ) contribution to the scalar potential is proportional to ξ. The form of the inflationary potential is plotted in Fig. 3 and it is characterised by: • τ 7 ≃ 6.41 leading to ǫ τ 7 ≃ 0.0004 and φ ≃ 1.61. Moreover 2 τ 1 ≃ 6.2, and so the minimum is located close to the walls of the Kähler cone but at a distance ∆τ 7 ≃ 0.21 which is still larger than the string scale since, using (4.2), we have that: − τ * 7 ≃ 228.76 .
• The mass of the inflaton around the minimum is mφ ≃ 1.85 · 10 13 GeV which from (4.6) implies a reheating temperature T rh ≃ 5.16 · 10 9 GeV.
• The number of efoldings computed as: 24) gives N e = 51 as required by the estimate (4.5). The maximum number of efoldings betweenφ end andφ max is N max e ≃ 57.5.
• The α ′ expansion is under control even if in our inflationary model the inflaton travels over a trans-Planckian distance of order ∆φ =φ * −φ end = 4.17 since we have ǫ ξ ≃ 0.0004.
• The single-field approximation is under control since δ ≃ 0.05.
• The effective field theory approximation is valid during the whole inflationary evolution since H ≃ 7 · 10 12 GeV < m 3/2 ≃ 8 · 10 15 GeV < M bulk We display the evolution of the different KK masses as compared to the gravitino mass and the inflationary energy density M inf = V 1/4 in Fig. 4 . Notice that, contrary to case 1 where r = 0.01, all KK scales remain above M inf throughout all the inflationary dynamics. The reason is that in this scale the tensor-to-scalar ratio, and so also the inflationary scale, is smaller since r = 0.001. Moreover, as stressed above, no energy can be extracted from the vacuum during an adiabatic expansion, and so the consistency condition to be imposed during inflation is H ≪ M with:
If we set φ = φ 0 +φ he ≃ 6.71, the ratio in (4.25) becomes m 3/2 /M
KK ≃ 0.87, and so the KK scale M (2) KK is always larger than the gravitino mass throughout all the inflationary dynamics. This result seems to be more in agreement with the swampland conjecture of [72, 73] than the one of case 1 since r is smaller, r ≃ 0.001, and the field range is slightly reduced, ∆φ ≃ 4. Moreover larger values of φ would bring the effective field theory approach out of control.
Even if this example satisfies all consistency and phenomenological constraints and the single-field inflationary analysis is under control, in Sec. 4.2 we shall perform a more precise multifield analysis where the motion along the orthogonal directions enlarges the field space as well as the allowed number of efoldings.
Multi-field evolution
The following five consistency conditions require generically a multi-field study of the inflationary evolution (which might however still be mainly along a single direction in field space):
1. The whole inflationary dynamics takes place well inside the Kähler cone described by the conditions in (4.3);
2. The quantum fluctuations of the inflaton produce a correct amplitude of the density perturbations at horizon exit;
3. The directions orthogonal to the inflaton are not destabilised by the inflationary dynamics. This is guaranteed if inflation occurs in field space along a through which can however bend;
4. Throughout all the inflationary dynamics, no Kaluza-Klein scale becomes smaller than the gravitino mass;
5. The steepening of the inflationary potential due to F 4 corrections is negligible, so that enough efoldings can be obtained before destroying slow roll inflation.
If V ∼ 10 3 and W 0 ∼ O(1), the last four conditions can be easily satisfied but the Kähler cone conditions (4.3) for such a small value of the volume would give an upper bound on the inflaton direction which would not allow to generate enough efoldings. In order to enlarge the inflaton field space, the value of the volume has therefore to be larger, of order V ∼ 10 4 .
In the large volume regime where we can trust the 4D EFT, the inflationary potential then becomes more suppressed, and so the COBE normalisation condition (2) above can be satisfied only if W 0 ∼ O(100). However, given that the gravitino mass is proportional to W 0 , for such a large value of the flux-generated superpotential, it is hard to satisfty the fourth condition above keeping m 3/2 below all KK scales during the whole inflationary evolution. Moreover, it becomes harder to suppress higher derivative corrections (condition (5) above) unless their numerical coefficient λ turns out to be extremely small: |λ| 10 −6 . This is the example of case 2 above of Sec. 4.1.2.
Another option for V ∼ 10 4 could be to keep W 0 ∼ O(1), so that the gravitino mass can remain small and the F 4 terms are still negligible, and to tune the background fluxes to increase the complex structure-dependent coefficients of the winding loop corrections. This would however make the inflaton-dependent potential of the same order of magnitude of the leading order α ′ correction. Hence the mass of the volume mode becomes of order the Hubble scale during inflation. This is the example of case 1 of Sec. 4.1.1 where δ ≃ 1.6. This situation could either cause a considerable shift of the original LVS minimum or even a destabilisation, and so in this case one should perform a careful multi-field analysis to check that the condition (3) above is indeed satisfied. 11 In what follows we shall therefore focus on the multifield case with V ∼ 10 4 , W 0 ∼ O(100) and |λ| 10 −6 . We shall also present an example with W 0 ∼ O(1) and |λ| ∼ 10 −3 which satisfies all conditions above except for condition (2) since the amplitude of the density perturbations turns out to be too small. The correct value could be generated by the quantum fluctuations of the two light bulk axions which could play the rôle of curvaton fields [75] . This study is however beyond the scope of this paper, and so we leave it for future work.
We analyse now the full three-field cosmological evolution involving the Kähler moduli τ 7 , V and τ 1 . Their dynamics is governed by the following evolution equations for noncanonically normalised fields: 27) where the φ i 's represent the scalar fields τ 7 , V and τ 1 , a is the scale factor and Γ i jk are the target space Christoffel symbols using the metric g ij for the set of real scalars φ i such that
For numerical purposes it is more convenient to express the cosmological evolution of the fields as a function of the number of efoldings N rather than time. In fact, by using 11 A similar situation arises in Kähler moduli inflation where however a detailed multifield analysis shows that the minimum of the volume mode is shifted during inflation without developing a runaway direction [29, 74] . 
where the kinetic Lagrangian reads: 29) and the full inflationary potential V is given by the sum of the standard LVS potential, the g s loops and F 4 terms given in (3.34) and an uplifting contribution proportional to δ up which could come from an anti D3-brane at the tip of a warped throat:
4.2.1 |λ| = 10 −6 and correct amplitude of the density perturbations Setting α = 1 and performing the following choice of the underlying parameters: Notice that this minimum is inside the Kähler cone since τ 7 > 2 τ 1 = 6.358, which respects the lower bound in (4.3). At this level of approximation, the closed string axions associated to V and τ 7 are flat directions. They receive a tiny potential from highly suppressed non-perturbative effects, and so they remain very light. Being so light, they do not affect the inflationary dynamics but would acquire isocurvature fluctuations of order H during inflation. If they do not play the rôle of dark matter, their final contribution to the amplitude of the isocurvature perturbations is negligible. On the other hand, if they are heavy enough to decay, their isocurvature fluctuations get converted into standard density perturbations, and so these bulk axions could behave as curvaton fields [75] .
Let us now shift τ 7 away from its minimum at the initial condition τ 7 (N = 0) = τ 7 + 2030 and recompute the new minimum for the other two directions V (τ 7 ) and τ 1 (τ 7 ). These values would set the initial conditions for these fields, ensuring that the inflationary dynamics takes place along a stable trough in field space:
Notice that these initial conditions are again inside the Kähler cone since τ 7 (0) < which satisfies the upper bound in (4.3) . We shall also focus on vanishing initial velocities for all scalar fields: V ′ (0) = τ ′ 7 (0) = τ ′ 1 (0) = 0. Considering this set of initial conditions, we solved the system of equations of motion (4.28) finding the cosmological evolution of each scalar field as a function of the number of efoldings N . Inflation occurs in the region in field space where the generalised ǫ-parameter:
is much smaller than unity. As can be seen from Using the variable N to parametrise the cosmological evolution of the scalar fields and denoting by N e the physical number of efoldings of inflation, N e = 52, as estimated in Sec. 4.1, at N * = 5.93. This is the point of horizon exit in field space where ǫ(N * ) = 1.456 · 10 −4 which yields a tensor-to-scalar ratio r = 16ǫ(N * ) = 0.0023. The amplitude of the scalar power spectrum is: 32) reproducing the reference COBE value √ P COBE ≃ 2 · 10 −5 with a good accuracy. Moreover the scalar spectral index is given by: 33) in good agreement with Planck data [43, 44] . Fig. 6, 7 and 8 show the cosmological evolution of the three scalar fields τ 7 , V and τ 1 during the whole inflationary dynamics and their final settling into the global minimum after a few oscillations. Fig. 9 shows instead the path of the inflationary trajectory in the (τ 7 , V)-plane (on the left) and in the (τ 7 , τ 1 )-plane (on the right). Clearly, as expected from the single-field analysis of Sec. 4.1, the inflaton travels mainly along the τ 7 -direction.
Finally Fig. 10 presents a plot with the cosmological evolution of all KK mass scales, the inflationary scale M inf = V 1/4 and the gravitino mass m 3/2 from horizon exit to the final settling into the global minimum. The fact that M inf remains always below all the KK scales, ensures that the Hubble scale during inflation H = 
KK , M (6) KK and the inflationary scale evolve from M (2) KK (N * ) ≃ 1.1·10 16 GeV, M 
|λ| = 10 −3 and negligible amplitude of the density perturbations
We shall now relax the condition of generating the correct amplitude of the density perturbations from the inflaton quantum fluctuations. As explained above, the right COBE value of the amplitude of the power spectrum could instead be reproduced in a non-standard way by a curvaton-like mechanism involving the quantum fluctuations of the two light bulk axions [75] . In this case we can focus on V ∼ 5·10 3 , W 0 ∼ O(1), λ ∼ 10 −3 and relatively small values of the coefficients of the winding loop corrections which generate the plateau, so that all the remaining four conditions listed at the beginning of Sec. 4.2 are fully satisfied. We shall set α = 1 and perform the following choice of the underlying parameters: The initial conditions for the inflationary evolution are again derived in the same way: the fibre modulus τ 7 is shifted away from its minimum at τ 7 (N = 0) = τ 7 + 2450 and the other two directions V (τ 7 ) and τ 1 (τ 7 ) are set at the new minimum: 
The scalar spectral index n s and the tensor-to-scalar ratio r are in good agreement with Planck data [43, 44] while the amplitude of the scalar power spectrum, as expected, is much smaller than the reference COBE value √ P COBE ≃ 2 · 10 −5 . As can be seen from Fig. 11 , in this case the low-energy 4D effective field theory is fully under control since throughout all the inflationary evolution all KK scales are much higher than both the gravitino mass and the inflationary scale (and so also the Hubble scale). 
Conclusions
The study of large field inflationary models is particularly interesting from both a phenomenological and a theoretical point of view. In fact, from one side the next generation of CMB observations will be able to test values of the tensor-to-scalar ratio in the window 0.001 r 0.01, while on the other hand trans-Planckian inflaton excursions need a symmetry mechanism to trust the effective field theory approach.
Natural inflaton candidates from type IIB string compactifications are Kähler moduli which enjoy non-compact shift-symmetries [6] . In particular, fibre inflation models provide promising plateau-like potentials which seem to fit Planck data rather well and lead to the prediction of observable tensor modes [32, [40] [41] [42] . These inflationary models are built within LVS moduli stabilisation scenarios and can be globally embedded in K3-fibred Calabi-Yau manifolds [46] .
In this paper we extended previous work by constructing the first explicit realisations of fibre inflation models in concrete type IIB Calabi-Yau orientifolds with consistent brane setups, full closed string moduli fixing and chiral matter on D7-branes. The underlying compactification manifold features h 1,1 = 4 Kähler moduli which after D-term stabilisation get effectively reduced to the standard 3 moduli of fibre inflation models.
We found that the inflationary dynamics is strongly constrained by the Kähler cone conditions which never allow for enough efoldings of inflation if the internal volume is of order V ∼ 10 3 . For larger values of the Calabi-Yau volume of order V ∼ 10 4 , the Kähler cone becomes large enough for the inflaton to drive N e ≃ 52 efoldings, as required by an estimate of the post-inflationary evolution. However such a large value of V tends to suppress the amplitude of the density perturbations below the reference COBE value. This can be avoided by considering large values of either the coefficients of the winding loops which generate the plateau, or the flux superpotential W 0 . Let us stress that in the string landscape this choice is guaranteed to be possible by the fact that both of these microscopic parameters are flux-dependent.
However, as shown in Sec. 4.1.1, large values of the coefficients of the winding g s corrections make the Hubble scale during inflation of the same order of magnitude of the mass of the volume mode. This could either cause a large shift of the original LVS minimum or even a problem for the stability of the inflationary direction against orthogonal runaway directions. A definite answer to this issue hence requires a proper multi-field analysis even if the two-field study of [32] revealed that the inflationary motion is still mostly single-field.
On the other hand, if the flux superpotential is of order W 0 ∼ 100, the gravitino mass can become too close to some KK scale in the model, destroying the 4D effective field theory. Moreover, F 4 terms are proportional to |λ|W 4 0 . Thus if W 0 is large, these higher derivative effects can spoil the flatness of the inflationary potential before achieving enough efoldings of inflation if |λ| is not small enough. Hence in Sec. 4.1.2 we presented a model with W 0 ∼ 100 and a very small value of |λ| of order |λ| = 10 −7 which makes the F 4 terms harmless. The gravitino mass also turns out to be slightly smaller than any KK scale throughout the whole inflationary dynamics.
Due to the fact that in the single-field case not all our approximations are fully under control, in Sec. 4.2 we performed a complete numerical analysis of the 3-field cosmological evolution. For W 0 ∼ 100 and |λ| = 10 −6 , the multi-field analysis of Sec. 4.2.1 revealed that the accuracy of our approximations improves. In particular, the allowed number of efoldings of inflation increases due to the extra motion along the volume and blow-up directions. Hence inflation can successfully work also for smaller values of V which cause a smaller Kähler cone for the fibre modulus. This, in turn, requires smaller values of W 0 to match the COBE normalisation of the density perturbations, which enlarges the hierarchy between m 3/2 and the KK scales in the model.
We point out however that some of the underlying parameters are not flux-dependent, and so are not tunable in the string landscape. Two examples of this kind of parameters are the effective Euler number χ eff which controls the strength of O(α ′3 ) corrections due to O7-planes [52] and the combinatorial factor λ which is the coefficient of O(α ′3 ) higher derivatives [37] . Both of these microscopic parameters have not been computed in full detail yet, even if λ has been estimated to be of order 10 −3 [38] . Hence in Sec. 4.2.2 we also presented a case with |λ| = 0.001 where it is hard to obtain enough efoldings inside the Kähler cone and generate, at the same time, the correct amplitude of the density perturbations in a framework where all the approximations are fully under control. Hence we chose the flux superpotential so that the contribution of the inflaton quantum fluctuations to the scalar power spectrum is negligible. In this case a viable inflationary phenomenology can therefore be achieved only in the presence of a non-standard mechanism for the generation of the density perturbations. A promising case could be the curvaton scenario where the initial isocurvature fluctuations could be produced by the quantum oscillations of the two light bulk closed string axions [75] .
Besides a complete computation of the exact value of both χ eff and λ, and the detailed derivation of a curvaton-like mechanism, there are several other important open issues for future work. A crucial one is a better determination of the actual Calabi-Yau Kähler cone since the one that we used is just an approximation inherited from the Mori cone of the ambient toric variety. It would also be interesting to develop a more systematic study of the constraints that the Kähler cone sets on the inflationary dynamics by performing a complete scan over all h 1,1 = 3 and h 1,1 = 4 K3 fibred CY threefolds with at least a del Pezzo divisor [76] . Moreover our chiral global models still lack an explicit implementation of a mechanism responsible for the realisation of a dS vacuum. Finally, the study of the post-inflationary cosmological evolution of our universe is of primary importance in order to discriminate among different models that feature the same inflationary predictions of fibre inflation models. A first step forward towards understanding (p-)reheating has been taken in [77, 78] . A full understanding of this mechanism requires further investigation of the underlying microscopic dynamics.
A Another chiral global example

A.1 Toric data
Let us consider the following toric data for a CY threefold with h 1,1 = 4 which is a K3-fibration over a P 1 base along with a so-called 'small' divisor: 
This corresponds to the CY threefold used in [79] to build global models with chiral matter on D7-branes and Kähler moduli stabilisation but without any inflationary dynamics. A detailed divisor analysis using cohomCalg [66, 67] shows that the divisor D 4 is a del Pezzo dP 7 which we find to be shrinkable after investigating the CY volume form. 
and using the intersection polynomial (A.1), the CY overall volume takes the form:
In order to express V in terms of four-cycle moduli, we need to know the Kähler cone conditions which can be determined from the following Kähler cone generators:
Expanding the Kähler form J in these Kähler cone generators as J = 4 i=1 r i K i results in the following conditions for the two-cycle moduli:
Using the four-cycle moduli, τ i = ∂ t i V, given by:
the overall volume can be rewritten as:
The second Chern class of the CY threefold X is instead given by:
which results in the following values of the topological quantities Π i 's:
The intersection curves between two coordinate divisors are given in Tab. 4 while their volumes are listed in Tab. 5. Table 4 : Intersection curves of two coordinate divisors. Here C g denotes a curve with Hodge numbers h 0,0 = 1 and h 1,0 = g. 
A.2 Orientifold involution
We focus on orientifold involutions of the form σ : x i → −x i with i = 1, ..., 8 which feature an O7-plane on D i and O3-planes at the fixed points listed in Tab. 6. The effective non-trivial fixed point set in Tab. 6 has been obtained after taking care of the SR ideal symmetry. Moreover, the total number of O3-planes N O3 is obtained from the triple intersections restricted to the CY hypersurface, while the effective Euler number χ eff has been computed as:
In what follows we shall focus on the orientifold involution σ : x 7 → −x 7 which features two non-intersecting O7-planes located in D 1 and D 7 and two O3-planes at
-192
-192 Table 6 : Fixed point set for the involutions which are reflections of the eight coordinates x i with i = 1, ..., 8.
A.3 Brane setup
If the D7-tadpole cancellation condition is satisfied by placing four D7-branes on top of the O7-plane, the string loop corrections to the scalar potential involve only KK effects since winding contributions are absent due to the absence of any intersection between D7-branes and/or O7-planes. Thus loop effects are too simple to generate a viable inflationary plateau. We shall therefore focus on a slightly more complicate D7-brane setup which gives rise also to winding loop effects. This can be achieved by placing D7-branes not entirely on top of the O7-plane as follows:
This brane setup involves three stacks of D7-branes wrapped around the divisors D 1 , D 2 and D 5 . Moreover, the condition for D3-tadpole cancellation becomes:
showing that there is space for turning on both gauge and background three-form fluxes for complex structure and dilaton stabilisation.
A.4 Gauge fluxes
In order to obtain a chiral visible sector on the D7-brane stacks wrapping D 1 , D 2 and D 5 we need to turn on worldvolume gauge fluxes of the form:
where the half-integer contribution is due to Freed-Witten anomaly cancellation [61, 62] . However we want to generate just one moduli-dependent Fayet-Iliopoulos term in order to fix only one Kähler modulus via D-term stabilisation. In fact, if the number of FIterms is larger than one, there is no light Kähler modulus which can play the rôle of the inflaton. Moreover we wrap a D3-brane instanton on the rigid divisor D 4 in order to generate a non-perturbative contribution to the superpotential which is crucial for LVS moduli stabilisation. In order to cancel the Freed-Witten anomaly, the D3-instanton has to support a half-integer flux, and so the general expression of the total gauge flux on D 4 becomes:
However a non-vanishing F 4 would not be gauge invariant, and so would prevent a nonperturbative contribution to the superpotential. We need therefore to check if it is possible to perform an appropriate choice of B-field which can simultaneously set F 1 = F 2 = 0 (we choose to have a non-vanishing gauge flux only on D 5 to have just one moduli-dependent FI-term) and F 4 = 0. If we set:
the condition F 1 = F 2 = F 4 = 0 reduces to the requirement that the following forms are integer: 13) since in this case the integer flux quanta f ij can always be adjusted to yield vanishing gauge fluxes. Taking an arbitrary integer form A ∈ H 2 (Z, X) which can be expanded as A = a jDj with a j ∈ Z, the pullbacks in (A.13) give rise to integer forms if:
Using the intersection polynomial (A.1) we find b 1 = a 5 − a 1 ∈ Z, b 2 = b 1 − a 4 ∈ Z and b 4 = −a 4 ∈ Z, showing how the choice of B-field in (A.12) can indeed allow for F 1 = F 2 = F 4 = 0. The only non-zero gauge flux is F 5 which does not feature any halfinteger contribution since c 1 (D 5 ) = 0 given that D 5 is a K3 surface. Given that all the intersection numbers are even, the pullback of the B-field on D 5 does also not generate an half-integer flux. We shall therefore consider a non-vanishing gauge flux on the worldvolume of D 5 of the form:
f 5jDj with f 5j ∈ Z . (A.14)
A.5 FI-term and chirality
Given that the divisor D 5 is transversely invariant under the orientifold involution and it is wrapped by four D7-branes, it supports an Sp(8) gauge group which is broken down to U (4) = SU (4) × U (1) by a non-zero flux F 5 along the diagonal U (1). This non-trivial gauge flux F 5 induces also a U (1)-charge q i5 for the i-th Kähler modulus of the form: For vanishing open string VEVs (induced for example by non-tachyonic scalar masses), a leading-order supersymmetric stabilisation requires ξ = 0 which implies: In terms of the canonically normalised inflaton shifted from its minimum, the condition (A.28) reads:
Let us now focus on the inflationary potential. The winding loop corrections look like (with κ = g s /(8π) for e Kcs = 1):
On the other hand, the KK loop corrections read (neglecting τ 4 -dependent terms which yield subdominant contributions): After substituting t 6 = αt 1 , we obtain: Notice that the Kähler cone conditions τ f < σ V 2/3 and α > 1 imply 0 < Z < 1. This guarantees the absence of any singularity in the Kähler metric. Expressing the scalar potential in terms of the 4-cycle moduli, we end up with:
If all the coefficients of the KK corrections take natural O(1) values, the term in (A. 34) proportional to h is suppressed by h ≪ 1, and so it can be safely neglected.
On the other hand, higher derivative α ′3 F 4 corrections take the form (neglecting the t 4 -dependent term and setting t 6 = αt 1 ): Therefore the total inflationary potential becomes:
where (with λ = −|λ| < 0): .38) and:
The potential (A.37) could support single-field slow-roll inflation driven by τ f [32, 41] . In order to get enough efoldings before hitting the walls of the Kähler cone given in (A.30), we need to focus on the region in field space where the inflaton minimum is of order where we added a constant C dS = λ 2 Z − λ 1 Z − 1 − R 1 Z − R 2 to obtain a Minkowski (or slightly dS) vacuum and: 
The three negative exponentials in (A.40) compete to give a minimum at τ f ∼ O(1) while the two positive exponentials cause a steepening behaviour at largeφ. In this section we shall not present a detailed quantitative analysis of inflation. We however point out that, if the approximated expression (A.30) is correct, in this case the Kähler cone bounds seem to be more constraining than in the case discussed in the main text since the inflaton direction τ f is bounded by V 2/3 instead of V/ √ τ s . Thus a viable inflationary dynamics in this case would require a more severe tuning of the underlying parameters and a better understanding of the validity of our effective field theory approach.
